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Regression in Machine Learning (1)

Polynomial of degree 5

© Data
——— Maximum likelihood estimate

-5 0 5
X

m Setting: Inputs = € R, outputs/targets y € R
m Goal: Find a function that models the relationship between x
and y (regression/curve fitting)
m Model f that depends on parameters 8. Examples:
m Linear model: f(x,0) =0z, x,0cR”
m Neural network: f(x,0) = NN(x,0)
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Regression in Machine Learning (2)

Polynomial of degree 5

m Training data, e.g., N pairs (x;, y;) of :
inputs x; and observations y;

m Training the model means finding
parameters 6*, such that f(x;,0%) ~ y;
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Regression in Machine Learning (2)

Polynomial of degree 5

m Training data, e.g., N pairs (x;, y;) of :
inputs x; and observations y;

m Training the model means finding
parameters 6*, such that f(x;,0%) ~ y;

m Define a loss function, e.g., >V | (y; — f(=;,6))?, which we want
to optimize

m Typically: Optimization based on some form of gradient descent
» Differentiation required
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Types of Differentiation .

Scalar differentiation: f : R - R
yeRwrt. zeR

Scalar differentiation of a vector: f : R — RY
ye RV wrt. ze R
Multivariate case: f : RY - R
y € R w.r.t. vector x € RY
Vector fields: f: RY — RM
vector y € RM w.r.t. vector x € RY
General derivatives: f : RM*N — RFP*Q
matrix y € RP*Q w.r.t. matrix X e RM*N
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Scalar Differentiation f: R — R 8

m Derivative defined as the limit of the difference quotient

Py =T = i 1EED) S0

» Slope of the secant line through f(x) and f(x + h)
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Some Examples s

f(z) =a" f'(x) = na™!

f(x) = sin(z) f'(x) = cos(z)

f(x) = tanh(x) f'(z) = 1 — tanh?(x)
f(z) = exp(x) f'(z) = exp(x)

f(z) = log() flz) =1
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Differentiation Rules 4

m Sum Rule
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Differentiation Rules 4

m Sum Rule
(F(x) +9(2))" = ['(2) + ' (2) = #;() " diz(f)
m Product Rule
df (x) dg(z)

(F@)g(@) = f'(@)gle) + f(@)g (@) = () + f@) =51

Marc Deisenroth (UCL) Vector Calculus March/April, 2020 8



Differentiation Rules 4

m Sum Rule
(F(x) +9(2))" = ['(2) + ' (2) = #;() " diz(f)
m Product Rule
df (x) dg(z)

(F@)g(@) = f'(@)gle) + f(@)g (@) = () + f@) =51

m Chain Rule

(90 (@) = (g(f@))) = o (f(a)) () = L) 4 @)

T A do

g
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Differentiation Rules 4

m Sum Rule
(F(x) +9(2))" = ['(2) + ' (x) = #;() " diz(f)
m Product Rule
df (x) dg(z)

(F@g(@))’ = ['(@)g(2) + (2)g (@) = = Zg(@) + f@) =
m Chain Rule
(90 0)() = (g(f (@) =g/ (F(a))f’

m Quotient Rule

(@ ) - f@)g(x) — fa)g(x) _ Egle) = f(2)
g(x) T g(x

dg(f(x)) df (x)
df dx

—~

x) =

Marc Deisenroth (UCL) Vector Calculus March/April, 2020 8



Example: Scalar Chain Rule 4

(99 /(@) = (@) = ()1 2) = 0L

Beginner Advanced
g(z) =62+3 g(z) = tanh(z)

z=f(zr)=-2x+5 z:f(x)::):”

Work it out with your neighbors
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Example: Scalar Chain Rule 4

(99 /(@) = (@) = ()1 ) =
Beginner Advanced
g(z) =62+3 g(z) = tanh(z)
z=f(zr)=-2x+5 z = f(x)=a"
(gof)(x)= (6) (-2 (go f)(z)= (1 tanh*(2"))pa""?
dg/df df/dx dg/df df /dx
=—12
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Scalar Differentiation f : R — RY

fi(z)
flx)y=] : |eRY, zeR

In(x)

m Here, f,, are different functions, e.g.,

| A=) _ z2
fla) = [fg(a:)] [sin(m)]

m Differentiation: Compute derivatives of each f,,:

%i
X
Z‘f = : |eRY
T
dx
m Derivative of a (column) vector w.r.t. a scalar input is a (column)

vector
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Multivariate Differentiation f : RV — R

TN
m Partial derivative (change one coordinate at a time):

&f . f(acl,...,a:i_l,:ri—i—h,a:Hl,...,a:N)—f(zc)
= lim
6a;i h—0 h
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Multivariate Differentiation f : RV — R

TN
m Partial derivative (change one coordinate at a time):

&f . f(acl,...,a:i_l,:ri—i—h,a:Hl,...,a:N)—f(zc)
= lim
6a;i h—0 h

m Jacobian vector (gradient) collects all partial derivatives:

iJ;:[ngl aaz{v]ERIXN

Note: This is a row vector.
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Example: Multivariate Differentiation

Beginner Advanced
f:RZ->R [R>S R
f(z1,22) = 3zy + T125 € R fzy,z2) = (z1 + 223)? e R

Partial derivatives? Gradient?
Work it out with your neighbors
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Example: Multivariate Differentiation

Beginner Advanced
f:RZ->R [R>S R
f(z1,22) = 3zy + T125 € R fzy,z2) = (z1 + 223)? e R
Partial derivatives 5
af( ) oz (@1+223)
T1, X2 3 0 — =
Ton Tmmrad B g T
0f (@1, m2) _ o 2 Of (w1, 12)
———= = xf{ + 3x125 LT2) _ 9 203) (622
012 Er (z1+225)  (623)

Marc Deisenroth (UCL) Vector Calculus March/April, 2020 12



Example: Multivariate Differentiation

Beginner Advanced
f:RZ->R [R>S R
fx1,me) = m%:m + x1x§ eR flxy,29) = (21 + 2m§)2 eR
Partial derivatives 5 ‘
( ) 8;1 (;L’1+2;r§)
af T1, X2 3 0 — =
Ton Tmmrad B g T
0f (@1, m2) _ o 2 Of (w1, 12)
———= = xf{ + 3x125 LT2) _ 9 943 622
012 Er (z1+225)  (623)

Gradient af _ [M‘“’“) 5“’“’”)] e RY*2

diB ox1 0x2
ar _ 32 o df _ 3 3y,.2
dr [2z122 + 23 2% + 3w123] . [2(z1 + 223) 12(z1 + 223)23]
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Example: Multivariate Chain Rule &

m Consider the function
L(e) = le|® = seTe
e=y— Az, zcRY, AcR"V e yecRM
m Compute the gradient %- What is the dimension/size of %?

Work it out with your neighbors
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Example: Multivariate Chain Rule &

m Consider the function
Lie) = ile|? = LeTe
e=y— Az, zcRY, AcR"YN e yecRM

m Compute the gradient §&. What is the dimension/size of $?

dL _ oL ze

dx de ox

L

%e: el e R"M (1)
€ AeRM*N 2)
oxr
dL
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Vector Field Differentiation f : RY — R "

y=f(x)eRM, zeRY

[ Y1 ] [ fi(z) } { filz,...,zN) ]
o | @ | | e
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Vector Field Differentiation f : RY — R "

y=f(x)eRM, zeRY
Y1 fi(x) filz,...,zN)

yM fu(x) fM(ﬂCh:--,:UN)

m Jacobian matrix (collection of all partial derivatives)

dy1 ofi ... 9h
dx 0z1 0x N
— : I= ]R,MXN
dynm ofm ... Ofm
dx oz oxN
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Example: Vector Field Differentiation

f(x) = Az, fx)eRM, AeRM*N geRY

H

m Compute the gradient g—i
m Dimension of ¢Z:

fi(x) ] [ Ajizy + Arsxa + + AinzN

Ayizr + Anypoxe + - + Ay NTN

fu (@)
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Example: Vector Field Differentiation

f(x) = Az, fx)eRM, AeRM*N geRY

Y1 fi(=z) A1z + Appxs+ - + ANz

YM I () Apizr + Appz2 + -0+ AuynzN

m Compute the gradient g—i
m Dimension of ¥ Since f : RN — RM it follows that 3£ e RM*V
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Example: Vector Field Differentiation

f(x) = Az, fx)eRM, AeRM*N geRY

Y1 fi(=z) A1z + Appxs+ - + ANz

YM I () Apizr + Appz2 + -0+ AuynzN

m Compute the gradient g—i
m Dimension of ¥ Since f : RN — RM it follows that 3£ e RM*V
m Gradient:

N 6f
f,(w) = Z Aijxj - a—l =Aij
j=1 i
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Example: Vector Field Differentiation

f(x) = Az, fx)eRM, AeRM*N geRY

)

Y1 fi(=z) A1z + Appxs+ - + ANz

YM I () Apizr + Appz2 + -0+ AuynzN

m Compute the gradient g—i
m Dimension of ¥ Since f : RN — RM it follows that 3£ e RM*V

m Gradient:

S of;

f,(w) = Z Aijxj —— 87 =Aij
iz J
Jj=1
of of

o 8711 aa:;, Ay - Ay

—_ = : : = : : = Ae RM*N

(jm (’J . a . . .

G . G Am AmN
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Dimensionality of the Gradient 4

In general: A function £ : RY — R has a gradient that is an
M x N-matrix with

df _mxn _ Ofm
d—meIR , df[m,n] = o,

Gradient dimension: # target dimensions x # input dimensions
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Chain Rule .

L oo @) = Zlotriey) = LN
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Example: Chain Rule #

m Consider f: R? > R, z:R — R?

f(@®) = f(z1,22) = x% + 2x9

o (f) = x1(t) _ sin(t)
Q [xg(t)] [cos(t)]
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Example: Chain Rule #

m Consider f: R?2 - R, =z:R — R?

f(@) = f(z1,22) = 27 + 232,
2(t) = x1(t) _ sin(t)
xa(t) cos(t)
m What are the dimensions of 3£ and 92?
Work it out with your neighbors
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Example: Chain Rule #

m Consider f: R2 - R, =z:R — R?
f(x) = f(x1,22) = 25 + 222,
i i e
m What are the dimensions of 3£ and 927

1x2and2x1
m Compute the gradient ﬂ—{ using the chain rule:
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Example: Chain Rule #

m Consider f: R2 - R, =z:R — R?
f(x) = f(x1,22) = 25 + 222,
o= [260]- [
m What are the dimensions of 3£ and 927

1x2and2x1
m Compute the gradient ﬂ—{ using the chain rule:

A

1

df_dfda::[af ﬁ] o =[231nt 2][cost]

dt  dx dt ory  Ox2 Oz —sint

ot

= 2sintcost — 2sint = 2sint(cost — 1)
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Derivatives with Respect to Matrices #

m Recall: A function f : R — R™ has a gradient that is an

M x N-matrix with
df Ofm

YJ MxN —
gw SR dfmon] = S

Gradient dimension: # target dimensions x # input dimensions
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Derivatives with Respect to Matrices #

m Recall: A function f : R — R™ has a gradient that is an

M x N-matrix with
df Ofm

YJ MxN —
gw SR dfmon] = S

Gradient dimension: # target dimensions x # input dimensions
m This generalizes to when the inputs (V) or targets (M) are

matrices

Marc Deisenroth (UCL) Vector Calculus March/April, 2020 19



Derivatives with Respect to Matrices #

m Recall: A function f : R — R™ has a gradient that is an
M x N-matrix with

Ofm

- 0xy,

df _ mxn
i eR ) df[m,n]

Gradient dimension: # target dimensions x # input dimensions

m This generalizes to when the inputs (V) or targets (M) are
matrices

m Function f: RM*N _, R *@ has a gradient that is a
(P x Q) x (M x N) object (tensor)

0fpq

df e R(PXQx(MxN) o

d7 df[paQam>n] =
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f=Ax, feRM AeR™*N gecRY

[ Y1 } [ Ji(x) ] [ Az + Appze + - 4+ Ainay
ym fu () Apizy + Apox2 + -0 +AyNTN
af ?

—ecR-

dA
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Example 1: Derivatives with Respect to Matrices

f=Ax, feRM AeR™*N gecRY

[ Y1 } [ Ji(x) ] [ Anxy + Appza + -0+ Ainzy
yJ-vI fu () Apyizy + Appxe + -+ Aynzy
df _ ., #target dim x # input dim = M x (M x N)
— e R
dA
4
dl — . % c RIX(MXN)
dA af# 0A
0A
Marc Deisenroth (UCL) Vector Calculus
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Example 2: Derivatives w.r.t. Matrices

N
fm:ZAmnxn, mzl,...,M
n=1

Y1 Ji(z) [ Az + Appaet+ - +AivaN |
vi | = file) | = | Anz1 + Aigza+ -+ + Ainzn
| YM | _fM(m)_ _AMlxl + Apppxo+ - +AMN$N_
Ofm - ? Lfm - ? Ofm - 92 % - ?
Ame oA Ao A
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Example 2: Derivatives w.r.t. Matrices

N
fm:ZAmnxn, mzl,...,M
n=1

Y1 Ji(z) [ Az + Appaet+ - +AivaN |
vi | = file) | = | Anz1 + Aigza+ -+ + Ainzn
| YM | _fM(m)_ _AMlxl + Apppxo+ - +AMN$N_
Ay~ LY P, Ao oA
€
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Example 2: Derivatives w.r.t. Matrices

N
fm:ZAmnxn, mzl,...,M
n=1

Y1 Ji(z) [ Az + Appaet+ - +AivaN |
vi | = file) | = | Anz1 + Aigza+ -+ + Ainzn
| YM | _fM(m)_ _AMlxl + Apppxo+ - +AMN$N_
Ofm  _ 2 Ofm  _ o7 Ofm  _ ’ Ofm _ ?
8Amq Ie_]}l{ aAm7: . Rll_xllxN 6Ak¢m7: 0A
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Example 2: Derivatives w.r.t. Matrices

N
fm = ZAmn:cn, m=1,...,.M
n=1

(| [ filz)
yz = fz'(:cc)
yM _fM.(m)
O fm 0 fm
0Amg .:Lﬂ.i 0Am.

Marc Deisenroth (UCL)

[ A1z + Aoxo+

Anzi + Apza +

—
e RIX1xN

| Avinzr + Aprazo+

aAk¢m7; E]Rllzlxl\l

Vector Calculus

+A1N£L'N i

+ A;NTN

+AMN$N_

o
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Example 2: Derivatives w.r.t. Matrices

N
fm = ZAmn:cn, m=1,...,.M
n=1

i Y1 | i Ji(z) | [ Az + Apgae+
yi | = | file) | = | Aaz1 + Apxe +
| YM | _fM(.’B)_ _Alecl + Apoxo+
Ofom Ofm Ofm
aAf — aAf:-“iT- aAf = 0,
mq IE_IIR m,: e RIX1xN k#m,: eRIX1xN

Marc Deisenroth (UCL) Vector Calculus
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Gradient Computation: Two Alternatives

m Consider f: R? - R**?, f(x) = A € R**? where the entries
A;; depend on a vector = € R?
m We can compute dA(‘C)

Ae R4%2

e R**2*3 in two equivalent ways:

Partial derivatives:
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Gradient Computation: Two Alternatives

m Consider f: R? - R**?, f(x) = A € R**? where the entries
A;; depend on a vector = € R?

dA T 4x2%3 ; ; .
m We can compute ( dA@) ¢ R 3 in two equivalent ways:
AE]RJXZ
= AeRY™?  zeR®
Partial derivatives:
o da 5
N e R1*23 dA dA  iox
gt RAx2 do Ae R AR ae]}{z«s %E]R4_’J
o collate —Z
o —
oA RAx2
o € re-shapg gradient re-shapg
4 — [T
3
—_—
2
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Gradients of a Single-Layer Neural Network — «
@_@L@

Ab

f =tanh(Az + b) e RM, 2eRM AeR™N beRM
S——

=:zeRM
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Gradients of a Single-Layer Neural Network — «

f =tanh(Az + b) e RY, zeRY, Ac RN peRM
~—
=:zeRM

of _
ob

o _
0A
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Gradients of a Single-Layer Neural Network — «

f =tanh(Az + b) e RY, zeRY, Ac RN peRM
~—
=:zeRM

ﬂ_ of oz e RMxM

ob 0z 0b
———
MxM MxM

of

0A
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Gradients of a Single-Layer Neural Network — «

f =tanh(Az + b) e RY, zeRY, Ac RN peRM
~—
=:zeRM

ﬂ_ of oz e RMxM

ob 0z 0b
———

MxM MxM
a.f _ &f Mx(MxN)
oA~ 0z €R

—

Mx M
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Gradients of a Single-Layer Neural Network — «

f = tanh(Az + b) € RM,
———

=:zeRM
o = g
ob 0z 0b
2
MxM MxM
of _ of
0A 0z
<z
M x M
of

5y = diag(1 —ianhQ(z)z
e RMxM

Marc Deisenroth (UCL)

zeRY, Ae RN pe RM

c ]RMX(MXN)
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Gradients of a Single-Layer Neural Network — «

f = tanh(Az + b) € RM,
—

zeRY, Ae RN pe RM

=:zeRM

af_ of 0z MxM
b~ oz b °R

—

MxM MxM
a.f . &f Mx(MxN)
oA~ 0z €R

—

Mx M

g‘z = diag(1 —ianhQ(z)z
e RMxM

Marc Deisenroth (UCL)
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Gradients of a Single-Layer Neural Network — «

f = tanh(Az + b) € RM,
—

zeRY, Ae RN pe RM

=:zeRM

af_ of 0z MxM
b~ oz b °R

—

MxM MxM
a.f . &f Mx(MxN)
oA~ 0z €R

—

Mx M

g‘z = diag(1 —ianhQ(z)z
e RMxM

Marc Deisenroth (UCL)
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~
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Gradients of a Single-Layer Neural Network — «

f = tanh(Az + b) € RM,
—

=:zeRM

of _ o 0= _gan
ob 0z b

—

MxM MxM
of _ of
0A 0z

—

MxM
g‘z = diag(1 —ianhQ(z)z

e RMxM

Marc Deisenroth (UCL)
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of

of
ob {0z

=47l =

||M§

c ]RMX(MXN)

0z 7
(“b —
e RMxM

)

~
e RMx(MxN)
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Gradients of a Single-Layer Neural Network — «

f =tanh(Az + b) e RY, zeRY, Ac RN peRM
———

=:zeRM
of _ of 2 v of < of
- oz b °R bl = Za [0 l]&b[l 7l
——— 1=1
MxM MxM
ﬁ - ﬁ Mx(MxN) 6.f .. . M 6f . 0z .
aA_ 62 ER 6A[Z’]’k]_2az[z’l]aAU’]’
MxM
af T 2 az . B
5y = diag(1 —ianh (z)z T I —
ERMXJW ER]MX]\/I

~
e RMx(MxN)
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Putting Things Together &

m Inputs z € RY

Marc Deisenroth (UCL) Vector Calculus March/April, 2020 25



Putting Things Together &

m Inputs z € RY
m Observed outputs y = fg(z) + e RM e ~ N(0, )
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Putting Things Together &

m Inputs z € RY
m Observed outputs y = fg(z) + e RM e ~ N(0, )

m Train single-layer neural network with

fo(z) =tanh(z) e RM, z=Ax+beRM, 6={A, b}
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Putting Things Together &

m Inputs z € RY
m Observed outputs y = fg(z) + e RM e ~ N(0, )

m Train single-layer neural network with
fo(z) =tanh(z) e RM, z=Ax+beRM, 6={Ab
m Find A, b, such that the squared loss
L) = §lel’ € R, e=y— fo(z)eRY

is minimized
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Putting Things Together &

Partial derivatives:

oL

Marc Deisenroth (UCL)

= e
e R1xM

oL 0L de df

0A (e df 0z
oL 0L de 0f 0z

ob de of 0z ob
oe of .. 5
— = I RC 1 — tanh
of e diag(1 — tanh?(2))
e RMxM e RMxM

e RMxM

Vector Calculus March/April, 2020
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Gradients of a Multi-Layer Neural Network 8

Ay, by ALby Ak a,bi Ag-1,bx

m Inputs x, observed outputs y
m Train multi-layer neural network with

Jo==
fi :O-’L'(Ai—lfifl—kbi—l)a i=1,...,.K
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Gradients of a Multi-Layer Neural Network 8

Ay, by ALby Ak a,bi Ag-1,bx

m Inputs x, observed outputs y
m Train multi-layer neural network with

Jo==
fi :O-’L'(Ai—lfifl—kbi—l)a i=1,...,.K

m Find A;,b; for j =0,..., K — 1, such that the squared loss

L(6) = |y — fro(@)?
is minimized, where 8 = {A;,b;}, j=0,...,K -1
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Gradients of a Multi-Layer Neural Network 8

Ag-1,bx 1

oL of 5
001 00K
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Gradients of a Multi-Layer Neural Network 8

Ak 2,br 2 Ag-1,bx 1
oL of x
89}(,1 N aerl
oL _ fw 0Fk
50}(_2 af}{*l aeK_Q
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Gradients of a Multi-Layer Neural Network &

oL 0L ofy
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Gradients of a Multi-Layer Neural Network &

oL Of x
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Gradients of a Multi-Layer Neural Network 8

oL Of x
89}(,1 N aerl
oL _ fx 0fk1
50}(_2 af}{*l aeK_Q
oL _ Of | 0F ko1 0F k2
00k _3 Ofk-1|0f k—2 00K 3
oL _ ofk |2 0fin
00; Ofg—1 | 0fiy1 00;

» Intermediate derivatives are stored during the forward pass
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Example: Regression with Neural Networks  «

m Linear regression with a neural network parametrized by 6:

y:f0($)+€> GNN(()?O_GQ)
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Example: Regression with Neural Networks  «

m Linear regression with a neural network parametrized by 6:

y:f0($)+€> GNN(()?O_GQ)

m Given inputs x,, and corresponding (noisy) observations v;,,
n=1,...,N, find parameters 6* that minimize the squared loss

= Z — fo(@n))* = |y — F(X)|?
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Training NNs as Maximum Likelihood Estimatios

m Training a neural network in the above way corresponds to
maximum likelihood estimation:
mlfy=NN(z,0)+e, €~ N(O, I) then the log-likelihood is

logp(y|X,0) = —%ly — NN(z,6)|
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Training NNs as Maximum Likelihood Estimatios

m Training a neural network in the above way corresponds to
maximum likelihood estimation:
mlfy=NN(z,0)+e, €~ N(O, I) then the log-likelihood is

logp(y|X,0) = —%ly — NN(z,6)|

m Find 8* by minimizing the negative log-likelihood:
0* = arg mein —logp(y|zx, 6)
— argmin } |y — NN(@,60)|?

= arg mgn L(o)
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Training NNs as Maximum Likelihood Estimatios

m Training a neural network in the above way corresponds to
maximum likelihood estimation:
mlfy=NN(z,0)+e, €~ N(O, I) then the log-likelihood is

logp(y|X,0) = —%ly — NN(z,6)|

m Find 8* by minimizing the negative log-likelihood:
6* — arg min — log p(ylz, 0)
— argmin } |y — NN(@,60)|?
= arg mgn L(o)

m Maximum likelihood estimation can lead to overfitting (interpret
noise as signal)
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Example: Linear Regression (1)

m Linear regression with a polynomial of order M:
y:f($70)+67 ENN(()’UEQ)

M
f(,0) = 0g + 012 + Opa® + - + Opa™ = ) fa
=0
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Example: Linear Regression (1)

m Linear regression with a polynomial of order M:
y=f(z,0)+e, e~N(0, 062)

M
f(,0) = 0g + 012 + Opa® + - + Opa™ = ) fa
=0

m Given inputs x; and corresponding (noisy) observations y;,
i=1,...,N,find parameters 8 = [0y, ...,0,/]", that minimize
the squared loss (equivalently: maximize the likelihood)

N

L(0) = > (yi — f(2:,0))?

=1
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Example: Linear Regression (2)

Polynomial of degree 16

f(x)

O Data
Maximum likelihood estimate
-3 4
-5 0 5
X
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Example: Linear Regression (2

Polynomial of degree 16

f(x)

Maximum likelihood estimate

’ © Dam ‘

3 L
-5 0
X

m Regularization, model selection etc. can address overfitting

m Alternative approach based on integration

Marc Deisenroth (UCL) Vector Calculus March/April, 2020
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Partial derivatives:

24 g
a2y da
94 piaa
A r dr
o cotate
= @
\

oof fofoc

Ay, by

Ay by

Polynomial of degree 16

g

1
0

1
2

Ak 2,br 2 Ag-1,br

m Vector-valued differentiation

m Chain rule

m Check the dimension of the gradients
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