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Curve Fitting (Regression) in Machine Learning (1)

Polynomial of degree 5

O Data
——— Maximum likelihood estimate

5 o 5
» Setting: Given inputs x, predict outputs/targets y
» Model f that depends on parameters 6. Examples:
» Linear model: f(x,0) = 0'x, x,0ecRP
» Neural network: f(x,68) = NN(x,0)
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Curve Fitting (Regression) in Machine Learning (2)

» Training data, e.g., N pairs (x;,y;) of s Palynomial of degree s
inputs x; and observations y;

» Training the model means finding
parameters 0%, such that f(x;, 0%) ~ y;
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Curve Fitting (Regression) in Machine Learning (2)

» Training data, e.g., N pairs (x;,y;) of s Palynomial of degree s
inputs x; and observations y;

» Training the model means finding
parameters 0%, such that f(x;, 0%) ~ y;

» Define a loss function, e.g., Zfi 1(yi — f(x;,0))?, which we want to
optimize

» Typically: Optimization based on some form of gradient descent
» Differentiation required
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Types of Ditferentiation

1. Scalar differentiation: f : R — R
yeRwrt xeR
2. Multivariate case: f : RN — R
y € Rw.rt. vector x e RN
3. Vector fields: f : RN — RM

vector y € RM w.r.t. vector x € RN

4. General derivatives: f : RM*N — RP*Q
matrix y € R"*Q w.r.t. matrix X e RM*N
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Scalar Differentiation f : R — R

» Derivative defined as the limit of the difference quotient

dx 10 h
» Slope of the secant line through f(x) and f(x + h)
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Some Examples

f(x) = x"

f(x) = sin(x)
f(x) = tanh(x)
f(x) = exp(x)
f(x) = log(x)

Vector Calculus

f/(x) = na"

f'(x) = cos(x)

f'(x) = 1 — tanh?(x)
f'(x) = exp(x)
flx) =1
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Rules

» Sum Rule

(f(@) +8(0)" = f'(x) +8'(x) = ===+ =
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Rules

» Sum Rule

(f(@) +8(0)" = f'(x) +8'(x) = ===+ =

» Product Rule
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Rules

» Sum Rule

(fx) +8()" = f'(x) +8'(x) = == + =
» Product Rule
(f®)3(0) = F(@)g(x) + f(@)g'(x) = =78 (x) + f(0)=
» Chain Rule

(8o f)(x) = (8(f(x)) = &'(f(x))f'(x) = dx
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Rules

» Sum Rule

(fx) +8()" = f'(x) +8'(x) = == + =
» Product Rule
(f®)3(0) = F(@)g(x) + f(@)g'(x) = =78 (x) + f(0)=
» Chain Rule

(g2 () = (g(F) = /(7)) = “SYP LD
» Quotient Rule
(@)’ _ f0)'g(0) — f)g(x) _ Hex) — fx)F
() (3(x))? (3(x))?
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Example: Scalar Chain Rule

(g0 () = (§(F() = & (F)F () =

Beginner Advanced
Q(z) =6z+3 g(z) = tanh(z)
z=f(x)=—-2x+5 z=f(x)=x"
(80 f)(x) = (g0 f)(x) =

Work it out with your neighbors
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Example: Scalar Chain Rule

(80 /) (x) = (8(f (1)) = ¢'(f(x))f'(x) = Zif/;

Beginner Advanced
Q(z) =6z+3 g(z) = tanh(z)
z=f(x)=—-2x+5 z=f(x) =x"
/ — n n—
(8ofY(x) = (6) (-2) (g0 f)(x) = (1— tanh?(x"))px"",
dg/df df/dx dg/df df/dx
=-12

Vector Calculus Marc Deisenroth @AIMS Rwanda, September 26, 2018



Multivariate Differentiation f : RN — R

XN

» Partial derivative (change one coordinate at a time):

of

O i L X1, B i) = ()
0x;  h—0 h
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Multivariate Differentiation f : RN — R

X1
y=f(x), x=|:|eRN

XN

» Partial derivative (change one coordinate at a time):

of

O i L X1, B i) = ()
0x;  h—0 h

» Jacobian vector (gradient) collects all partial derivatives:

jiz[af AR

6x1 6xN

Note: This is a row vector.
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Example: Multivariate Differentiation

Beginner Advanced
fR2SR fiR*->R
flx1,x0) = x3x0 + x105 € R flx,x) = (x1 +2x3)% e R

Partial derivatives?
Work it out with your neighbors
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Example: Multivariate Differentiation

Beginner

f:R* >R

f(x1,x2) = x%xz + x1x§’ eR

Advanced

f:R* >R
flx1,x0) = (x1 +263)° e R

Partial derivatives

5 (x1,x2)
’fﬁxl = lexz + x%
of (x1, x2)
o, x2) % = x% + 3x1x%

Vector Calculus

% (x1 +2x§)

POy 4269 T0)
6X1
of (x1,x2)

=2(x1 + 2x§) (6x§)
6x2 ——

N
6672("1 +2x3)

Marc Deisenroth @AIMS Rwanda, September 26, 2018 11



Example: Multivariate Differentiation

Beginner Advanced
fR2SR fiR*->R
flx1,x0) = x3x0 + x105 € R flx,x) = (x1 +2x3)% e R

Partial derivatives X
72— (11 +2x3)
(o 1

of (x1,x2) 3 Of(x1, x —
B 2x1%2 + X5 ](((9;12) =2(x1+2x3) (1)
of(x1,%2) _ 5 2 of (x1,x2)
e R R e o, 1) (ajcz 2w +24) (6x3)
a—(x1+2x2)
Gradient jﬁ: - [5f (ax;{xz) of (g;zrxz)] e R1*2
d d
df [2x102 + x5 x% + 3x1x3] dﬁ = [2(x1 +2x3) 12(x1 + 2x3)x3 ]
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Example: Multivariate Chain Rule

» Consider the function
1,02 _ 1,7
L(e) = 3le|” = ze e
e=y—Ax, xeRN,AeRMN ¢ yecRM
» Compute the gradient %. What is the dimension/size of %?

Work it out with your neighbors
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Example: Multivariate Chain Rule

» Consider the function
102 _ 1,7
L(e) = QH‘?H =3€e e
e=y—Ax, xeRN,AeRMN ¢ yecRM

» Compute the gradient dL WWhat is the dimension/size of dL ?

dL _ oL e

dx  Je ox

oL

e el e RPM (1)
it

€ _AeRMAN @)
ox

dL

e —e'(-A)= —(y— Ax)TA e RPN
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Vector Field Differentiation f : RN — RM

y=f
y1] [fl(x) fi(xt, ..., xN)

YMm

fm(x) fM(xlr:--’xN)

Vector Calculus
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Vector Field Differentiation f : RN — RM

y=fx)eRM, xeRN
Al fi(x)

fl(xl,. . .,XN)

| L@ | | e

» Jacobian matrix (collection of all partial derivatives)

dyy ofi ... 9h
dx ox1 oxN
: : L | e RN
dym ofm .. Ofm
dx ox1 oxN

Vector Calculus

Marc Deisenroth @AIMS Rwanda, September 26, 2018



Example: Vector Field Differentiation

f(x) = Ax, f(x)eRM, AeRM*N, xeRVN

1 f1(x) Anxy + Apxo+ - +AINXN

M fm(x) Amixt + Avpx2+ -+ +AMNIN

» Compute the gradient %

Vector Calculus Marc Deisenroth @AIMS Rwanda, September 26, 2018
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Example: Vector Field Differentiation

f(x) = Ax, f(x)e]RM, Ae RM*XN  xye RN

n f1(x) Anx1 + Appxo+ - + AINXN
Ym fm(x) Apnx1 + Apppxo+ - +AMNXN
» C i df
ompute the gradient 3
» Gradient:

filx) =) Ayjx; = aTc; = Ajj
P
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Example: Vector Field Differentiation

f(x) = Ax, f(x)e]RM, Ae RM*XN  xye RN

n f1(x) Anx1 + Appxo+ - + AINXN
Ym fm(x) Apnx1 + Apppxo+ - +AMNXN
» C i df
ompute the gradient 3
» Gradient:

filx) =) Ayjx; = aTc; = Ajj
P
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Example: Vector Field Differentiation

f(x) = Ax, f(x)eRM, AeRM*N, xeRVN

n f1(x) Anx1 + Appxo+ - + AINXN
Ym fm(x) Apnx1 + Apppxo+ - +AMNXN
» Compute the gradient %
» Gradient:

filx) =) Ayjx; = aTc; = Ajj
P

of of
g [Fo B [a A
_| - : - : : = A e RMxN
dx af af : :
M M
ox T daw A1 - AMN
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Dimensionality of the Gradient

In general: A function f : RN — RM has a gradient that is an
M x N-matrix with

df _ pMxN _ Ofm
d—erR , df[m,n] = o,

Gradient dimension: # target dimensions x # input dimensions

Vector Calculus Marc Deisenroth @AIMS Rwanda, September 26, 2018 15



Chain Rule

Vector Calculus

Marc Deisenroth

_ 8Uf) of(x)

of ox

@AIMS Rwanda, September 26, 2018
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Example: Chain Rule

> Considerf:IR2—>IR, x:R — R?

f(x) = fx1,x2) = 27 +2x2,

_ | xa(®) | _ |sin(f)
x(t)_[xz(t)] lcos(t)]

Vector Calculus Marc Deisenroth @AIMS Rwanda, September 26, 2018
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Example: Chain Rule

> Considerf:R2—>IR, x:R — R2
f(x) = fx1,x2) = 27 +2x2,
b - x1(t)|  |sin(¢)
W00 ] [eost)

» What are the dimensions of j—f; and %?
Work it out with your neighbors
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Example: Chain Rule

> Considerf:IR2—>IR, x:R — R?

f(x) = fx,x2) = %7 +2x2,

_ | xa(®) | _ |sin(f)
"= [xz(t)] lcos(t)]
f

) . d
> What are the dimensions of 3 and %?

I1x2and?2 x 1
f

» Compute the gradient % using the chain rule:
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Example: Chain Rule

> Considerf:IR2—>IR, x:R — R?

f(x) = fx1,x2) = 27 +2x2,

x(t) = xi(t) | _ |sin(f)
x2(t) cos(t)
» What are the dimensions of j—f; and %?

I1x2and?2 x 1

» Compute the gradient i—’: using the chain rule:

QD

7x1

ot . cost
= [2 sint 2] ]

3;2 —sint

(@)

= 2sintcost—2sint = 2sint(cost — 1)

Q)

%_if%_[ﬁ 5f]
af dxdt  Lm m

D
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Derivatives with Respect to Matrices

» Recall: A function f : RN — RM has a gradient that is an
M x N-matrix with

df e RM*N dffm,n] — gim

Gradient dimension: # target dimensions x # input dimensions
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Derivatives with Respect to Matrices

» Recall: A function f : RN — RM has a gradient that is an
M x N-matrix with

df e RM*N dffm,n] — gim

Gradient dimension: # target dimensions x # input dimensions

» This generalizes to when the inputs (N) or targets (M) are

matrices
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Derivatives with Respect to Matrices

» Recall: A function f : RN — RM has a gradient that is an
M x N-matrix with

df e RMXN df[m,n] = Zﬁm

Gradient dimension: # target dimensions x # input dimensions
» This generalizes to when the inputs (N) or targets (M) are
matrices
» Function f : RMXN _, RPXQ hasa gradient that is a
(P x Q) x (M x N) object (tensor)

Ofpq

df _ o (PxQ)x(MxN) _
ax ° B , dflp.gmn] =

Vector Calculus Marc Deisenroth @AIMS Rwanda, September 26, 2018



Example 1: Derivatives with Respect to Matrices

f=Ax, feRM AeRM*N xeRN

v fi(x) Apxy + Apxa+ - +AINXN
Ym fam(x) Ayix1 + Appxo+ - +AMNXN
df .2

4 eR

Vector Calculus Marc Deisenroth @AIMS Rwanda, September 26, 2018
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Example 1: Derivatives with Respect to Matrices

f=Ax, feRM AeRM*N xeRN
v fi(x) Apxy + Apxa+ - +AINXN

Ym fam(x) Ayix1 + Appxo+ - +AMNXN

% c g # target dim x # input dim=M x (M x N)

%
A
ar _ 1" 3f1 c RI*(MxN)
dA @
oA
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Example 2: Derivatives with Respect to Matrices

N
fi=> Agx, i=1,...,M
j=1

[ 1 ] [ fi(x) | [ Aj1x1 + Appxo+ +AiNYN |
Vi | = fz(x) = Anxy + Apxp + AiNXN
lym | [ fm(x) | | Amixa + Ampxat +AMNXN |
ofi _, ofi _, o _, ofi _,
0Aig 0Ai; 0Arzi, 0A

Vector Calculus
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Example 2: Derivatives with Respect to Matrices

N
fi=> Agx, i=1,...,M
j=1

n fi(x) [ Apxy + Apxa+ o0 +HAINAN
vi | = | filx) | = | Aaxi +Apxy - +ANXN
lym | [fm(x)]  [Amixi + Amexot+ o0 FAMNIN |
ofi _ x afi:? Ofi _9 %:?
0Ai;, 1 04 OAjsi. oA
eR
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Example 2: Derivatives with Respect to Matrices

N
fi=> Agx, i=1,...,M
j=1

n fi(x) [ Apxy + Apxa+ o0 +HAINAN
vi | = | filx) | = | Aaxi +Apxy - +ANXN
lym | [fm(x)]  [Amixi + Amexot+ o0 FAMNIN |
ofi _ ofi _ T ofi  _ , ofi _ 4
oA, I A, =— A 0A
cR G]R1><1><N
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Example 2: Derivatives with Respect to Matrices

N
fi=> Agx, i=1,...,M
j=1

n fi(x) [ Apxy + Apxa+ o0 +HAINAN
vi | = | filx) | = | Aaxi +Apxy - +ANXN
lym | [fm(x)]  [Amixi + Amexot+ o0 FAMNIN |
ofi _ ! ofi _ T ofi  _ o7 ofi _ )
aAl’q m_/ 0A;. GEX/—M’N O0Aki: em 0A
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Example 2: Derivatives with Respect to Matrices

N
fi=> Agx, i=1,...,M
j=1

n fi(x) [ Apxy + Apxa+ o0 +HAINAN
vi | = | filx) | = | Aaxi +Apxy - +ANXN
lym | [fm(x)]  [Amixi + Amexot+ o0 FAMNIN |
o
ofi _ ! ofi _ T ofi  _ o7 ofi _ x:T
aAl’q m_/ 0A;. GEX/—M’N O0Aki: em 0A
oT
0" ]
e R1X(MxN)
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Gradient Computation: Two Alternatives

> Consider f: R> > R**2,  f(x) = A € R**? where the entries A;;
depend on a vector x € R3

» We can compute dA(x) e R**2<3 in two equivalent ways:

AeRY™?  xeR?

Partial derivatives:

]R4><2
o da

€ Réx2x3
— e R¥? dx

collate
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Gradient Computation: Two Alternatives

> Consider f: R> > R**2,  f(x) = A € R**? where the entries A;;
depend on a vector x € R3

dA(x . .
» We can compute ( ) e R¥2%3 in two equivalent ways:
Ac ]R4><2 xe ]R3
AeRY?  xeR®
Partial derivatives:
= ]R4><2
o da 4x2x3 -
% RH*2 dx/f_ AcRAx? AcR® £5R8x3 %ER"XZH

collate —Z
A
4x2
» eR re-shape gradient re-shape
0Oxy e —_— —_—
4 L1
3
—_—
2
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Gradients of a Single-Layer Neural Network

Ab

f =tanh(Ax +b) e RM, xeRN,Aec RMN,peRM
—

=:zeRM
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Gradients of a Single-Layer Neural Network

f =tanh(Ax +b) e RM, xeRN,AeRM*N peRM
M
=:zeR

of

ob

of

0A
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Gradients of a Single-Layer Neural Network

f =tanh(Ax +b) e RM, xeRN,AeRM*N peRM
——

=:zeRM
of _ of oz MxM
- oz b %
————
MxM MxM

of _
0A

Vector Calculus Marc Deisenroth
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Gradients of a Single-Layer Neural Network

f=tanh(Ax+b)eIE{M, xeRN,AERMXN,beRM
=:zeRM
of of 0z MxM
- AL R
b oz b
——
MxM MxM
on_ 0z Mx (MxN)
A~ oz oa <R
———
MxM Mx(MxN)

Marc Deisenroth @AIMS Rwanda, September 26, 2018

Vector Calculus

23



Gradients of a Single-Layer Neural Network

f =tanh(Ax +b) e RM, xeRN,AeRM*N peRM
=:zeRM
of of oz MxM
= R
b oz b
S—— ——
MxM MxM
of _ of 0z Mx (MxN)
A~ oz oa °R
——
MxM Mx(MxN)

Of _ 4o 1 tamp
5 = Ehag(l vtanh (z)z

€ RMxM

Marc Deisenroth @AIMS Rwanda, September 26, 2018
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Gradients of a Single-Layer Neural Network

f =

of _
b

of _
0A

of

0z

Vector Calculus

tanh(Ax +b) e RM, xe RN, Ae RMN peRM
M
=:zeR

of oz c RMxM

0z 0b
S~

MxM MxM

of = pMx(MxN)

0z 0A

e

MxM Mx (MxN)

0z
diag(1 — tanh?(z = 1
diag(1 — tank?(z)) 5
c RMxM ERMXM
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Gradients of a Single-Layer Neural Network

f = tanh(Ax + b) € R,
—

=:zeRM
of _ of oz MxM
- oz ap R
————
MxM MxM

of _ f  z _ RMx(MxN)
0A

0A 0z
——
MxM Mx(MxN)
of 2 0z 0z
— = diag(1 — tanh = I
0z \lag( va (2)2 b —— A
c RMxM € RMxM

Marc Deisenroth

Vector Calculus

xe RN, A e RMXN pe RM

0 T

E]RM;((MXN)

@AIMS Rwanda, September 26, 2018
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Gradients of a Single-Layer Neural Network

f =tanh(Ax +b) e RM, xeRN,AeRM*N peRM
——

=:zeRM

of _ of 0z mxm S
o 2L ha 1
b oz b R ab” 2. 550 ab 2l
S—— —— =1
MxM MxM

o of 0z Mx (MxN)
0A 0z 0A eR

—— —

MxM Mx(MxN)

X 0 0
é’f 2 (72 0z . - B
— = diag(1 — tanh =_ 1 =|0 - x' -0
oz ~ dag(l —tanh™(z)) ==L 7 - A
c RMxM € RMxM oT . 0T . 4T

G]RM;((MXN)
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Gradients of a Single-Layer Neural Network

f =tanh(Ax +b) e RM, xeRN,AeRM*N peRM
——

=:zeRM
of of oz MM of . Lof.. oz .
= = 2 =N i nzn
b~ oz b °% ol = 2 7 5]
—— — =1
MxM MxM
o o E o _pmxonny g 02
A~ oz oa B saliiK =2 5 bl K
——— 1=1
MxM Mx(MxN)
X 0' 0
é’f T 2 (72 . fi . . . -
5 = Ehag(l vtanh (z)z = I 4 = 0. o 0
e RMxM € RMxM 0 s .
E]RM;(MxN)
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Putting Things Together

» Inputs x € RN

Vector Calculus
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Putting Things Together

» Inputs x € RN
» Observed outputs y = fo(z) + e € RM,e ~ N (0, X)
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Putting Things Together

» Inputs x € RN
» Observed outputs y = fo(z) + e € RM,e ~ N (0, X)

» Train single-layer neural network with

fo(z) =tanh(z) e RM, z=Ax+beRM, 0={A,b}
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Putting Things Together

v

Inputs x € RN
Observed outputs y = fp(z) + € € RM, e ~ N(0, )

v

v

Train single-layer neural network with

fo(z) =tanh(z) e RM, z=Ax+beRM, 0={A,b}

v

Find A, b, such that the squared loss
L) =3le[>’cR, e=y—fo(z)cRY

is minimized

Vector Calculus Marc Deisenroth @AIMS Rwanda, September 26, 2018
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Putting Things Together

Partial derivatives:
oL L de Of ¢z

0A e df 0z 0A
JL L de 0f 0z

ob de 0f 0z db

oL T 53 5f . 2
= — = I — = diag(1 — tanh
e T L— L 5~ diasll - anh(z)
e R1xM c RMxM € RMxM
x o' 0"
0z _ |7 T T 0z _
0A ) * 0 ob H/—’I
: eRMxM
OT OT XT

e RMX(MxN)

Vector Calculus Marc Deisenroth @AIMS Rwanda, September 26, 2018
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Gradients of a Multi-Layer Neural Network

Ay, by Az, by Ag 2, b2 Ag-1,bx1

» Inputs x, observed outputs y

» Train multi-layer neural network with

fo=x
fz' = O'i(Al;lfi_l + bifl)/ i=1,...,K

Vector Calculus Marc Deisenroth @AIMS Rwanda, September 26, 2018
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Gradients of a Multi-Layer Neural Network

Ay, by Az, by Ag 2, b2 Ag-1,bx1

» Inputs x, observed outputs y

» Train multi-layer neural network with

fo=x
fz' = Ui(Aiflfi_1 + bifl), i=1,...,K

» Find A;, b]- forj=0,...,K—1, such that the squared loss

L(0) = |y — fK,e(x)Hz

is minimized, where 6 = {A;,b;}, j=0,...,K—1

Vector Calculus Marc Deisenroth @AIMS Rwanda, September 26, 2018
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Gradients of a Multi-Layer Neural Network

Ag_1,bx

oL oL Ofk

00k_1  (f, 00x_1
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Gradients of a Multi-Layer Neural Network

Vector Calculus

Ax-2, by Ag-1,bx
oL L Ofg
00k—1  (f 00k
oL oL| ofc Ofx
00k 2 Of| Of k-1 00k—2
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Gradients of a Multi-Layer Neural Network

Ay, by Ay by Axoa,bxa Ag_1,bx
oL L Ofg
86K_1 (ﬁfK &BK_l
oL oL| Ofx ofxa
00k 2 Of| Of k-1 00k—2
oL _ oL (7f1< afK—l af1<—2
00k—3 Ofk Of k| Of k2 00k—3

Vector Calculus
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Gradients of a Multi-Layer Neural Network

|@|ee

Ay, by Ay by Axoa,bxa Ag_1,bx
L Ofk
(961(_1 C fl< 86[(_1
(9[4 _ oL (F/ij afK*l
00k 2 f il 0f g1 0Ok—
oL L Ofk | 0f k-1 9f k=2
00k—3 ([ Ofg 1| Of ko 0Ok—3
0_L: 0L Of _“5fz'+zafi+1
00;  fy0fk_q Ofizn 06

Vector Calculus
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Gradients of a Multi-Layer Neural Network

Ay, by Az, by Ax-2,bk Ak-1,bk-1
oL L Ofg
86K_1 (ﬁf,\/ &BK_l
(9[4 B (ﬂL (:ij afK*l
00k 2 of k a’f1<—1 00k —2
oL _ 0L Ofx | Ofk—10fk—2
00k—3 [y Ofg 1| 0fg o 00k—3
5711: oL df _“5fi+2‘7fi+1
08;  frifk 0fiy1 00

» Intermediate derivatives are stored during the forward pass

Vector Calculus
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Example: Linear Regression with Neural Networks

» Linear regression with a neural network parametrized by 6, fo:

y=folx)+e, €~N(0,07)

Vector Calculus Marc Deisenroth @AIMS Rwanda, September 26, 2018
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Example: Linear Regression with Neural Networks

» Linear regression with a neural network parametrized by 6, fo:

y=folx)+e, €~N(0,07)

» Given inputs x,, and corresponding (noisy) observations y,,
n=1,...,N, find parameters 6* that minimize the squared loss

N
= > (yn— folxn)* = |y — FX)I?

n=1

Vector Calculus Marc Deisenroth @AIMS Rwanda, September 26, 2018
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Training Neural Networks as Maximum Likelihood

Estimation

» Training a neural network in the above way corresponds to
maximum likelihood estimation:
» Ify = NN(x,0) + €, e~ N(0, I) then the log-likelihood is

log p(y|X,0) = —3ly — NN(x,0)|?

Vector Calculus Marc Deisenroth @AIMS Rwanda, September 26, 2018
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Training Neural Networks as Maximum Likelihood
Estimation
» Training a neural network in the above way corresponds to

maximum likelihood estimation:
» Ify = NN(x,0) + €, e~ N(0, I) then the log-likelihood is

log p(y|X,0) = —3ly — NN(x,0)|?

» Find 0* by minimizing the negative log-likelihood:
6*

arg mﬂin —log p(y|x, 0)

= arg mein %Hy — NN(x,0)|?

arg mein L(0)
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Training Neural Networks as Maximum Likelihood
Estimation
» Training a neural network in the above way corresponds to

maximum likelihood estimation:
» Ify = NN(x,0) + €, e~ N(0, I) then the log-likelihood is

log p(y|X,0) = —3ly — NN(x,0)|?

» Find 0* by minimizing the negative log-likelihood:
6*

arg mgin —log p(y|x, 0)

= arg mein %Hy — NN(x,0)|?
= argmein L(0)

» Maximum likelihood estimation can lead to overfitting (interpret

noise as signal)
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Example: Linear Regression (1)

» Linear regression with a polynomial of order M:
y=f(x,0)+e, e~N(0, (73)

M
F(x,0) = 60 + 612 + 622" + -+ + Oyyx™ = > O’
i=0

Vector Calculus Marc Deisenroth @AIMS Rwanda, September 26, 2018
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Example: Linear Regression (1)

» Linear regression with a polynomial of order M:
y=f(x,0)+e, e~N(0, (73)

M
F(x,0) = 60 + 612 + 622" + -+ + Oyyx™ = > O’
i=0

» Given inputs x; and corresponding (noisy) observations y;,

i=1,...,N, find parameters 6 = [0y, ..., GM]T, that minimize the
squared loss (equivalently: maximize the likelihood)

L(0) = 2, (vi — f(x;,0))°

Vector Calculus Marc Deisenroth @AIMS Rwanda, September 26, 2018 30



Example: Linear Regression (2)

Polynomial of degree 16

O Data
Maximum likelihood estimate

-3 L

-5 0
X

Vector Calculus Marc Deisenroth
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Example: Linear Regression (2)

Polynomial of degree 16

f(x)

O Data
Maximum likelihood estimate
3 L '
-5 0 5
X

» Regularization, model selection etc. can address overfitting

» Alternative approach based on integration

Marc Deisenroth @AIMS Rwanda, September 26, 2018
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Summary

AcRY? xR’

Ay by Ay by Axa,bra Ag1,bx

» Vector-valued differentiation
» Chain rule

» Check the dimension of the gradients

Vector Calculus Marc Deisenroth
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Polynomial of degree 16.
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