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Key Concepts in Probability Theory

Two fundamental rules:
p(x) = f p(x,y)dy Sum rule/Marginalization property
p(x,y) = p(y|x)p(x) Product rule
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Key Concepts in Probability Theory

Two fundamental rules:

p(x) = f p(x,y)dy Sum rule/Marginalization property
p(x,y) = p(y|x)p(x) Product rule
Bayes” Theorem (Probabilistic Inverse)
x) p(x
p(xly) = %f() , x : hypothesis, y : measurement
Ply

» Posterior belief
» Prior belief
» Likelihood (measurement model)

» Marginal likelihood (normalization constant)
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Mean and (Co)Variance

Mean and covariance are often useful to describe properties of
probability distributions (expected values and spread).

Definition
Exf] = | xp(v)dx =
Val¥] = Bal(x — ) (x — ) 7] = F[ixT] — Byl a] B[] T = £
Cov(x,y] = Exylxy '] — Ex[x]Ey[y]
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Mean and (Co)Variance

Mean and covariance are often useful to describe properties of
probability distributions (expected values and spread).

Definition
Exf] = | xp(v)dx =
Vilx] = Ey[(x — p)(x — ) '] = Exxx '] — Ex[x]Ex[x]" =: T
Cov[x, y] = Exylxy '] - Ex[x]E,[y]"
Linear/Affine Transformations:

y=Ax+D, where E.[x] =u, Vyi[x] =X
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Mean and (Co)Variance

Mean and covariance are often useful to describe properties of
probability distributions (expected values and spread).

Definition
Exf] = | xp(v)dx =
Vilx] = Ey[(x — p)(x — ) '] = Exxx '] — Ex[x]Ex[x]" =: T
Cov[x, y] = Exylxy '] - Ex[x]E,[y]"
Linear/Affine Transformations:

y=Ax+D, where E.[x] =u, Vyi[x] =X
Ely] = Ex[Ax + b] = AE,[x]+b=Au+0

Viy] =
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Mean and (Co)Variance

Mean and covariance are often useful to describe properties of
probability distributions (expected values and spread).

Definition
Exf] = | xp(v)dx =
Vilx] = Ey[(x — p)(x — ) '] = Exxx '] — Ex[x]Ex[x]" =: T
Cov[x, y] = Exylxy '] - Ex[x]E,[y]"
Linear/Affine Transformations:

y=Ax+D, where E.[x] =u, Vyi[x] =X
Ely] = Ex[Ax + b] = AE,[x]+b=Au+0
V[y] = V,[Ax 4+ b] = V,[Ax] = AV,[x]AT = AZA'
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Mean and (Co)Variance

Mean and covariance are often useful to describe properties of
probability distributions (expected values and spread).

Definition
Exf] = | xp(v)dx =
Vilx] = Ey[(x — p)(x — ) '] = Exxx '] — Ex[x]Ex[x]" =: T
Cov[x, y] = Exylxy '] - Ex[x]E,[y]"
Linear/Affine Transformations:

y=Ax+D, where E.[x] =u, Vyi[x] =X
Ely] = Ex[Ax + b] = AE,[x]+b=Au+0
V[y] = Vi[Ax + b] = V,[Ax] = AV,[x]AT = AZAT
If x,y independent: V., [x + y] = Vi[x] + V,[y]
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Basic Probability Distributions
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The Gaussian Distribution

p(xln, E) = (27) 2 [E Zexp (— L — ) = (x— 1)

» Mean vector u M Average of the data

» Covariance matrix X P Spread of the data
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The Gaussian Distribution

p(xln, E) = (27) 2 [E Zexp (— L — ) = (x— 1)

» Mean vector u M Average of the data

» Covariance matrix X P Spread of the data
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The Gaussian Distribution

p(xln, E) = (27) 2 [E Zexp (— L — ) = (x— 1)

» Mean vector u M Average of the data

» Covariance matrix X P Spread of the data
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Conditional

sl Joint p(x.y) p(x/ y) =N

7

My
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Conditional

Joint p(x.y) p(x/ y) =N

3 = = =Observation 4

My
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Conditional

- Ky Tox ny
R _Julnt p(x;_y) xl = N ,
o =Gy P y) < [ "y ] [ Ty Ly

-0l p(xly) = N (pry, Zapy)
2| Moy = By + Zay Ty (v — 1)
,3 -
-1
" ¥ Loy = Bxx — Day Zyy Dy
5 n

5 4 2 o 2 4

X
Conditional p(x|y) is also Gaussian
» Computationally convenient
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Marginal

Joint p(x,y)
3F Marginal p(x) ”x Zxx ny
_ p(x,y) =N p
2 :uy Z]/x Z‘LW

or Marginal distribution:

2 P(x)=fp(x,y)dy
i :N(:’"x’Zxx)
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Marginal

Joint p(x,y)
3F Marginal p(x) "lx Zxx ny
’ == N 7

_of Marginal distribution:
.1 -
2r P(x)=fp(x,y)dy
3
-4t :N(.ux/ Zxx)
5 e

6 -4 -2 0 2 4

X
» The marginal of a joint Gaussian distribution is Gaussian
» Intuitively: Ignore (integrate out) everything you are not

interested in
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Bernoulli Distribution

Probability Distributions and Parameter Estimation

» Distribution for a single binary
variable x € {0, 1}

» Governed by a single continuous
parameter y € [0, 1] that represents
the probability of x € {0, 1}.

plxlp) = p*(1—p)'=

Elx] = u
Vix] = p(1—p)
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Bernoulli Distribution

» Distribution for a single binary
variable x € {0, 1}

» Governed by a single continuous
parameter y € [0, 1] that represents
the probability of x € {0, 1}.

plxlp) = p*(1—p)'=
IE[x]

Vix] = p(1—n)

I
-

» Example: Result of flipping a coin.
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Beta Distribution

25

» Distribution over a continuous

oy
NN Oy
B ® ||

mnnino

[LENSYURRE]

variable y € [0, 1], which is often

~"annag

15

used to represent the probability
for some binary event (see

Bernoulli distribution)
0.5

» Governed by two parameters

: 0 0.2 0‘,4 0‘.5 V.l‘)‘a 1 o> O/ ﬁ > 0
e, ) = Tt =
« «p
E[V]:DC-‘F,B, [V]_(oc+[3)2(zx+/3+1)
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Binomial Distribution

» Generalization of the Bernoulli

distribution to a distribution over
integers

» Probability of observing m occurrences
of x = 1in a set of N samples from a

Bernoulli distribution, where
plx=1)=pne[0,1]

NN ‘EI:I{.‘ \mlfq

pni ) = () )1 =
E[m] = Np,  V[m]=Np(l—p)
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Binomial Distribution

» Generalization of the Bernoulli
distribution to a distribution over
integers

» Probability of observing m occurrences
of x = 1in a set of N samples from a

Bernoulli distribution, where
plx=1)=pne[0,1]

NN ‘él:l{.‘ \ml[ |

pni ) = () )1 =
E[m] = Np,  V[m]=Np(l—p)

Example: What is the probability of observing m heads in N
experiments if the probability for observing head in a single
experiment is p?
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Gamma Distribution

0.30 — 1
,b) =
3025 p(T‘a ) r(a)
S a
El7] = -
0154 [T] b
0.10 a
0.05 V[T] - bf2

-

» Distribution over positive real numbers T > 0

» Governed by parameters a > 0 (shape), b > 0 (scale)
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Conjugate Priors

» Posterior oc prior x likelihood

» Specification or the prior can be tricky

Probability Distributions and Parameter Estimation

IDAPI, Lecture 11

February 10, 2016
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Conjugate Priors

» Posterior oc prior x likelihood
» Specification or the prior can be tricky

» Some priors are (computationally) convenient

v

If the posterior and the prior are of the same type (e.g., Beta), the
prior is called conjugate P Likelihood is also involved...
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Conjugate Priors

» Posterior oc prior x likelihood
» Specification or the prior can be tricky

» Some priors are (computationally) convenient

v

If the posterior and the prior are of the same type (e.g., Beta), the
prior is called conjugate P Likelihood is also involved...

» Examples:

Conjugate prior Likelihood Posterior

Beta Bernoulli Beta
Gaussian-iGamma Gaussian Gaussian-iGamma
Dirichlet Multinomial Dirichlet
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Example

» Consider a Binomial random variable x ~ Bin(m|N, u) where

plali) = (0 )1 = N e e =

for some constants 4, b.
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Example

» Consider a Binomial random variable x ~ Bin(m|N, u) where

plali) = () )= o1

for some constants 4, b.
» We place a Beta-prior on the parameter y:

Beta(le, ) = Fsrornt™ (1= )P o 11— P!
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Example

» Consider a Binomial random variable x ~ Bin(m|N, u) where

N _
plali) = () )= o1
for some constants 4, b.
» We place a Beta-prior on the parameter y:
I(@+p) 2 -1 -1 _
Beta(u|a, B) = ——— 23 (1 — )P o 11— p)P!
Wl B) = Frpy 1M (1 -p)
» If we now observe some outcomes x = (x1,...,x,) of a repeated
coin-flip experiment with h heads and t tails, we compute the
posterior distribution on y :
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Example

» Consider a Binomial random variable x ~ Bin(m|N, u) where

plali) = () )= o1

for some constants 4, b.
» We place a Beta-prior on the parameter y:

Beta(le, ) = Fsrornt™ (1= )P o 11— P!

» If we now observe some outcomes x = (x1,...,x,) of a repeated
coin-flip experiment with h heads and t tails, we compute the
posterior distribution on y :

p(plx = h)
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» Consider a Binomial random variable x ~ Bin(m|N, u) where

plali) = () )= o1

for some constants 4, b.
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Example

» Consider a Binomial random variable x ~ Bin(m|N, u) where

plali) = () )= o1

for some constants 4, b.
» We place a Beta-prior on the parameter y:

Beta(le, ) = Fsrornt™ (1= )P o 11— P!

» If we now observe some outcomes x = (x1,...,x,) of a repeated
coin-flip experiment with h heads and t tails, we compute the
posterior distribution on y :

-1

p(plac = h) oc p(alp)p(ple, B) = " (1 — ) (1 — )P
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Example

» Consider a Binomial random variable x ~ Bin(m|N, u) where

plali) = () )= o1

for some constants 4, b.
» We place a Beta-prior on the parameter y:

Beta(ula, B) = P4 )T o (1 !

M
I'(a)T(B)
» If we now observe some outcomes x = (x1,...,x,) of a repeated
coin-flip experiment with h heads and t tails, we compute the
posterior distribution on y :

p(plac = h) oc p(xlp)p(pla, B) = " (1 — ) (1 = )P !
= M1 — )Pl o Beta(h + o, t + B)
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Probability Distributions and Parameter Estimation

Parameter Estimation
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Parameter Estimation

» Given a data set we want to obtain good estimates of the
parameters of the model that may have generated the data »

Parameter estimation problem

Probability Distributions and Parameter Estimation IDAPI, Lecture 11 February 10, 2016

15



Parameter Estimation

» Given a data set we want to obtain good estimates of the
parameters of the model that may have generated the data »
Parameter estimation problem

» Example: x1,...,xN € RP areii.d. samples from a Gaussian
» Find the mean and covariance of p(x)
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Maximum Likelihood Parameter Estimation (1)

» Maximum likelihood estimation finds a point estimate of the
parameters that maximizes the likelihood of the parameters
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Maximum Likelihood Parameter Estimation (1)

» Maximum likelihood estimation finds a point estimate of the
parameters that maximizes the likelihood of the parameters

» In our Gaussian example, we seek p, X:
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Maximum Likelihood Parameter Estimation (1)

» Maximum likelihood estimation finds a point estimate of the
parameters that maximizes the likelihood of the parameters

» In our Gaussian example, we seek u, &

iid

max p(x1,..., x|, L) = XHP xilp, )
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Maximum Likelihood Parameter Estimation (1)

» Maximum likelihood estimation finds a point estimate of the
parameters that maximizes the likelihood of the parameters

» In our Gaussian example, we seek u, &

iid

max p(x1,..., x|, L) = XHP xilp, )

N
= max Z log p(xi|p, )

i=1
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Maximum Likelihood Parameter Estimation (1)

» Maximum likelihood estimation finds a point estimate of the
parameters that maximizes the likelihood of the parameters

» In our Gaussian example, we seek u, &
max p(x1,..., X |p, L) 1: pr xilp, )

N
= maleog p(xilp, X)
i=1
N
—max—ﬂlog(Zn)——log|Z|—72 (xi —p)
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Maximum Likelihood Parameter Estimation (2)

HMZ

ND N 1
My = arg m’?x 5 log(27) — > log |Z|— E

1 N
== > x
N 2%
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Maximum Likelihood Parameter Estimation (2)

ND N 1 _
Py, = argmax ——-— log(27) — - log|X|—7 Dxi—w) E (% —p)
i=1

1 N
P
*

ND N
Ty = argmax ——— log(Zn)—E log |Z| — =

(xi —p) ' Z7 (% — 1)

N =
1=

1

N )

Il
T Mz

( X; —ﬂML)(xi —HMmL
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Maximum Likelihood Parameter Estimation (2)

ND N 1 _
Py, = argmax ——-— log(27) — - log|X|—7 Dxi—w) E (% —p)
i=1

1 N
N 2
*

ND N
Ty = argmax ——— log(er)—E log |Z| — =

(xi —p) ' Z7 (% — 1)

N =
1=

N

Z — ta)( I‘ML)T

ML estimate Iy is biased, but we can get an unbiased estimate as

N_1 Z —ta)( .”ML)T
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MLE: Properties

» Asymptotic consistency: The MLE converges to the true value in
the limit of infinitely many observations, plus a random error

that is approximately normal

» The size of the sample necessary to achieve these properties can
be quite large

» The error’s variance decays in 1/N where N is the number of
data points

» Especially, in the “small” data regime, MLE can lead to
overfitting
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Example: MLE in the Small-Data Regime
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® @ MLE mean

0.00
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Maximum A Posteriori Estimation

» Instead of maximizing the likelihood, we can seek parameters
that maximize the posterior distribution of the parameters

0* = arg max p(0|x) = argmglxlog p(6) + log p(x|6)
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Maximum A Posteriori Estimation

» Instead of maximizing the likelihood, we can seek parameters
that maximize the posterior distribution of the parameters

0* = arg max p(0|x) = argmglxlog p(6) + log p(x|6)

» MLE with an additional regularizer that comes from the prior
» MAP estimator
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Maximum A Posteriori Estimation

» Instead of maximizing the likelihood, we can seek parameters
that maximize the posterior distribution of the parameters

0* = arg max p(0|x) = argmglxlog p(6) + log p(x|6)

» MLE with an additional regularizer that comes from the prior
» MAP estimator
» Example:
» Estimate the mean p of a 1D Gaussian with known variance o

after having observed N data points x;.
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Maximum A Posteriori Estimation

» Instead of maximizing the likelihood, we can seek parameters
that maximize the posterior distribution of the parameters

0* = arg max p(0|x) = argmglxlog p(6) + log p(x|6)

» MLE with an additional regularizer that comes from the prior
» MAP estimator
» Example:
» Estimate the mean p of a 1D Gaussian with known variance o
after having observed N data points x;.
» Gaussian prior p(y) = N (4| m, s*) on mean yields
2 o2

s
+ m
N52+(72VML Ns2 4 g2

UMAP =
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Interpreting the Result

Ns? N o2 .
= /
HMAP = N 2 ML T N2y 2

» Linear interpolation between the prior mean and the sample
mean (ML estimate), weighted by their respective covariances
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Interpreting the Result

Ns? N o2 .
= /
HMAP = N 2 ML T N2y 2

» Linear interpolation between the prior mean and the sample
mean (ML estimate), weighted by their respective covariances

» The more data we have seen (N), the more we believe the sample
mean
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Interpreting the Result

Ns? N o2 .
= /
HMAP = N 2 ML T N2y 2

» Linear interpolation between the prior mean and the sample

mean (ML estimate), weighted by their respective covariances

» The more data we have seen (N), the more we believe the sample
mean

» The higher the variance s2 of the prior, the more we believe the
sample mean; MAP P MLE
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Interpreting the Result

Ns? N o2 .
= /
HMAP = N 2 ML T N2y 2

» Linear interpolation between the prior mean and the sample
mean (ML estimate), weighted by their respective covariances

» The more data we have seen (N), the more we believe the sample
mean

» The higher the variance s2 of the prior, the more we believe the
sample mean; MAP P MLE

» The higher the variance o2 of the data, the less we believe the
sample mean
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Example
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N .
LA === True Gaussian
" ' = = Mean Prior
1 “ Bl B True mean
: 1 @ @ MLE mean
0.15 ' ' O © MAP mean
. [
. 1
1 1
'
'
1
0.10 '
[
[
[
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0.00 1<
-10 -5 0 5 10

15 20
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Bayesian Inference (Marginalization)

An even better idea than MAP estimation:

» Instead of estimating a parameter, integrate it out (according to
the posterior) when making predictions

p(x|D) = f p(x/0)p(6]D)do

where p(6|D) is the parameter posterior
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Bayesian Inference (Marginalization)

An even better idea than MAP estimation:

» Instead of estimating a parameter, integrate it out (according to
the posterior) when making predictions

p(x|D) = f p(x/0)p(6]D)do

where p(6|D) is the parameter posterior

» This integral is often tricky to solve
» Choose appropriate distributions (e.g., conjugate distributions)
or solve approximately (e.g., sampling or variational inference)

» Works well (even in the small-data regime) and is robust to
overfitting
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Example: Linear Regression

1
t /\

Adapted from PRML (Bishop, 2006)

» Blue: data

» Black: True function (unknown)

» Red: Posterior mean (MAP estimate)

» Red-shaded: 95% confidence area of the prediction
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» Black: True function (unknown)

» Red: Posterior mean (MAP estimate)
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Example: Linear Regression

Adapted from PRML (Bishop, 2006)

» Blue: data

» Black: True function (unknown)

» Red: Posterior mean (MAP estimate)

» Red-shaded: 95% confidence area of the prediction
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